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1. Introduction
The trace of a set F on another set X is F ∩ X and is denoted by F |X . The trace of a family F
of sets is just the family of traces, i.e. F |X = {F |X : F ∈ F}. The fundamental result concerning traces
of families was proved in the early 1970s independently by Sauer [12], Shelah [13] and Vapnik and
Chernovenkis [15].
In order to state this result and some others that we will use in the proofs of the present paper,
we have to introduce some notation and deﬁnitions:
Notation. [n] denotes the set of the ﬁrst n integers {1,2, . . . ,n}. The power set of a set X is denoted
by 2X . The complement of a set F ⊆ [n] is written F . The system consisting of all subsets of X of size
k (all k-subsets for short) is denoted by
(X
k
)
and will be sometimes referred as the kth level. We deﬁne( X
k
)
and
( X
k
)
similarly. Given F ⊆ 2[n] and Y ⊆ [n] we write Y + F for {Y ∪ F : F ∈ F}.
Deﬁnition. A set system F ⊆ 2[n] traces a set X ⊆ [n] if for any subset Y of X there exists F ∈ F such
that F |X = Y . The set system F ⊆ 2[n] strongly traces a set X ⊆ [n] if there exists a set B ⊆ X such
that for any subset Y of X , we have B ∪ Y ∈ F . This B is called the support of X by F . (Note that the
support is not necessarily unique!) The set of supports of X is denoted by SF (X) and we will denote
an element of SF (X) by SF (X).
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tr(F) = {X: F traces X}, str(F) = {X: F strongly traces X}.
With these deﬁnitions and notations we are able to state the above-mentioned result. This formu-
lation is due to Pajor [11].
Theorem A. (See [12,13,15].) For any set system F ⊆ 2[n] we have∣∣tr(F)∣∣ |F |.
In particular, if |F | >∑k−1i=0 (ni), then F traces a subset X of [n] with |X | = k (and this is sharp as ( [n]k−1)
shows).
The following results will turn out to be very useful in our proofs.
Theorem B. (See [3].) For any set system F ⊆ 2[n] we have∣∣str(F)∣∣ |F |.
Theorem C. (See [4].) For any set system F ⊆ 2[n] the following two properties are equivalent:
(a) |F | = |tr(F)|,
(b) |F | = |str(F)|.
Theorem A leads in several directions (besides the direction of Theorem B and C); a very good, but
not very recent survey is the paper of Füredi and Pach [6]. We will focus on the direction that seems
somewhat similar to the area known as Turán type problems (in such problems, given a ‘small’ family
of sets F we are interested in the maximum size that a ‘big’ family H ⊆ 2[n] can have that does not
contain any copy of F as a subfamily). In this paper we will be interested in the maximum size that
a family H ⊆ 2[n] can have that does not contain any copy of F as trace. This type of results can be
found in (among others) [1,2,7]. Theorem A can be interpreted in this context as well: the forbidden
conﬁguration should be 2[k] .
The most important deﬁnition for the present paper is the following:
Deﬁnition. A family F ⊆ 2X of sets is said to be l-trace k-Sperner if for any subset Y of X with size l
the trace of F on Y does not contain any chain of length k+ 1 (a chain of length k+ 1 is a family of
k + 1 sets C1,C2, . . . ,Ck+1 with C1 ⊂ C2 ⊂ · · · ⊂ Ck+1).
The l-trace k-Sperner property can be formalized through forbidden traces, too. One has to exclude( l+1
k+1
)
families as trace (all possibilities how we can choose k + 1 levels out of the l + 1 that 2[l]
possesses).
We will be interested in the function f (n,k, l) which stands for the maximum size that an l-trace
k-Sperner family F ⊆ 2[n] can have. The rest of the paper is organized as follows. In Section 2, we
consider the case k = l. In Section 3, we address the problem when n is large compared to both k
and l. In Section 4 we prove some results about the k = 1 case. In Section 5 we address the problem
when l = n − 1, while in Section 6 we make some concluding remarks and gather some of the open
problems.
2. The case k = l
In this section we consider the case k = l. The value of f (n,k,k) is a trivial consequence of The-
orem A. The really interesting part of the main theorem of this section states that forbidding the
existence of a full chain as trace is strong enough to ensure the uniqueness of the optimal fam-
ilies
( [n]
k−1
)
and
( [n]
n−k+1
)
. Note that there is no uniqueness when the forbidden conﬁguration is
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k−1
)∪ {[k]} \ {[k − 1]}.
Theorem 1.
(a) f (n,k,k) =∑k−1i=0 (ni).
(b) If F ⊆ 2[n] is k-trace k-Sperner with |F | =∑k−1i=0 (ni), then either F = ( [n]k−1) or F = ( [n]n−k+1).
Proof. The statement about f (n,k,k) is straightforward from Theorem A.
To prove (b), let us consider a k-trace k-Sperner set system F ⊆ 2[n] with |F | = ∑k−1i=0 (ni). By
Theorem A we have |tr(F)| ∑k−1i=0 (ni). But if F traces a k-subset of [n], then it is not k-trace k-
Sperner, so tr(F) = ( [n]k−1) and in particular, |F | = |tr(F)|. From Theorem C, it follows that |F | =
|str(F)|, and thus by str(F) ⊆ tr(F), we have that str(F) = tr(F) = ( [n]k−1).
Now let us consider a set F ∈ F with minimum size. If |F | > n − k + 1, then |F | < f (n,k,k)
– a contradiction. Therefore |F |  n − k + 1, so there exists X ⊆ [n] \ F with |X | = k − 1. By the
paragraph above, we have X ∈ str(F). Let us take an arbitrary S(X) ∈ S(X). We claim that there is
no element s ∈ S(X) \ F . Indeed, if there is, then let us consider F |X∪{s} . Since F ∈ F and s /∈ F , we
have ∅ ∈ F |X∪{s} . Since X ∈ str(F) and s ∈ S(X), there is a chain in F |X∪{s} of length k with set sizes
1,2, . . . ,k, which together with the empty set form a chain of length k + 1 – a contradiction. Thus
S(X) ⊆ F , but since by the deﬁnition of support, S(X) ∪ ∅ = S(X) ∈ F and F is of minimum size, we
must have S(X) = F and thus F +2X ⊆ F . As X was chosen arbitrarily, we obtain that for any Y with
Y ∩ F = ∅ and |Y | = k − 1, we have F + 2Y ⊆ F .
We claim that for any such Y , the set F ∪ Y is maximal in F . Indeed, if not, then F ∪ Y ∪ A ∈ F
for some non empty A. Therefore, for some a ∈ A, the trace F |Y∪{a} contains a chain of length k + 1
(the trace of F ∪ Y ∪ A is Y ∪ {a} and from the trace of F + 2Y we can pick the other k sets) –
a contradiction.
We claim that for any Y ′ ⊆ F ∪ Y with |Y ′| = k − 1 we have F ∪ Y \ Y ′ + 2Y ′ ⊆ F (and F ∪ Y \ Y ′
is minimal in F ). To see this observe that S(Y ′) = F ∪ Y \ Y ′ . Indeed, if there was an element s ∈
(F ∪ Y \ Y ′ \ S(Y ′), then we would have a chain of length k+ 1 in F |Y ′∪s . Thus S(Y ′) ⊇ F ∪ Y \ Y ′ and
S(Y ′) ⊃ F ∪ Y \ Y ′) would contradict the maximality of F ∪ Y ∪ Y ′ as S(Y ′)∪ Y ′ ∈ F by deﬁnition. The
minimality of F ∪ Y \ Y ′ follows just as the maximality of F ∪ Y .
We obtained that for any Y , Y ′ with |Y | = |Y ′| = k− 1 we have F ∪ Y \ Y ′ + 2Y ′ ⊆ F and F ∪ Y \ Y ′
is minimal in F , so we could have started with F ∪ Y \ Y ′ in place of F . Thus we get, that for
any Y1, Y ′1, Y2, Y ′2, . . . , Ym, Y ′m the set ((((F ∪ Y1 \ Y ′1) ∪ Y2 \ Y ′2) . . .) ∪ Ym \ Y ′m) is minimal in F and
((((F ∪Y1 \Y ′1)∪Y2 \Y ′2) . . .)∪Ym \Y ′m)+2Y
′
m ⊆ F . That is for any G ⊆ [n] with |F | |G| |F |+k−1,
we have G ∈ F . But because of (a), it is possible if and only if F = ( [n]k−1) or F = ( [n]n−k+1). 
3. The case of ﬁxed k and l
In this section we consider cases when n is large compared to both k and l. Our main result is the
following theorem.
Theorem 2. For every pair of integers k and l (1  k  l) there exist N(k, l) such that if n  N(k, l), then
f (n,k, l) =∑k−1i=0 (ni). Furthermore, if 2  k  l, then the only optimal l-trace k-Sperner families are ( [n]k−1)
and
( [n]
n−k+1
)
.
Proof. If k = 1, then N(1, l) = 2l − 1 is a good choice. Indeed, let n 2l − 1 and assume that |F | 2.
Case 1: F contains two members A, B with A ⊂ B . Then picking any l-subset L of [n] which
contains an element from B \ A and considering the L-trace would yield a contradiction.
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B ∪ (A ∩ B) or A ∪ (B ∩ A) is of size at least l, so we can ﬁnd an l-subset, where the traces of the sets
are in inclusion. (In fact, 2l − 1 is sharp as shown by any pair A, A ⊂ [2l − 2], |A| = l − 1.)
Since in the case k = 1 there is no uniqueness for the extremal family, we still have to establish
the base case k = 2, but as this case and the inductive step is very similar, we describe them simul-
taneously. Suppose that for some ﬁxed k and l, we have already proved the statement of the theorem
for every k′, l′ with k′  k, l′  l and with at least one of k′ and l′ strictly smaller than k or l. Let
M denote the maximum of N(k′, l′), where k′, l′ are as above and put N = M + k +∑l−1i=0 (M+ki ). We
will prove that the statement about f (n,k, l) is true if n  N , and the statement about the optimal
families holds provided n N + 1.
Before we proceed to the actual proof, we need to introduce some notation. For any family F ⊆ 2X
and x ∈ X , we put F0x := {F ∈ F : x /∈ F , F ∪ {x} ∈ F}, F1x := {F ∈ F : x ∈ F , F \ {x} ∈ F} and Fx :=
F \ (F0x ∪ F1x ). Trivially |F0x | = |F1x |, |F | = |F0x | + |F1x | + |Fx| and |F |X\{x}| = |F0x | + |Fx|.
Lemma 3. If F is l-trace k-Sperner on the underlying set X , then for any x ∈ X, F0x is (l − 1)-trace (k − 1)-
Sperner on X \ {x}.
Proof. Suppose not. Then there exist an l−1-set L′ ⊆ X \{x} and F1, F2, . . . , Fk ∈ F0x such that F1|L′ ⊂
F2|L′ ⊂ · · · ⊂ Fk|L′ . But then, putting Fk+1 = Fk∪{x} ∈ F and L = L′ ∪{x}, we would have F1|L ⊂ F2|L ⊂
· · · ⊂ Fk|L ⊂ Fk+1|L – a contradiction. 
Suppose there exists an l-trace k-Sperner family F ⊆ 2[n] (n N) with |F | =∑k−1i=0 (ni)+ C (where
C is positive). We claim that there is a subset X ⊆ [n] with |X |  M + k such that for any element
x ∈ X we have |F |X |∑k−1i=0 (|X |i )+ C and |(F |X )0x | =∑k−2i=0 (|X |−1i ).
We know that for any x ∈ X ⊆ [n] with |X |  M + 1 we have |(F |X )0x | 
∑k−2
i=0
(|X |−1
i
)
, because
of the lemma above and the inductive hypothesis on f (n,k − 1, l − 1). Therefore if |(F |X )0x | =∑k−2
i=0
(|X |−1
i
)
then we must have |(F |X )0x | <
∑k−2
i=0
(|X |−1
i
)
. Thus if |F |X | ∑k−1i=0 (|X |i ), then we have
|F |X\{x}|∑k−1i=0 (|X |−1i )+ 1. We obtain that if X = [n] is not a good choice for our claim, then there
is an x1 ∈ [n] which shows this fact and |F |[n]\{x1}|
∑k−1
i=0
(n−1
i
)+ C + 1. If X = [n] \ {x1} is not good
either, then some x2 ∈ [n] \ {x1} shows this and we have that |F |[n]\{x1,x2}|
∑k−1
i=0
(n−2
i
)+ C + 2. Con-
tinuing in this way we get that if there is no good set, then there is a subset Y ⊂ [n] with |Y | = M +k
such that we have |F |Y | > n − (M + k)  N − (M + k) ∑l−1i=0 (M+ki ). But then, by Theorem A, F |Y
(and so F as well) traces a set of size l contradicting the l-trace k-Sperner property.
So we established that for some X ⊆ [n] with |X | M + k and any of its elements x ∈ X we have
|F |X |∑k−1i=0 (|X |i )+ C and |(F |X )0x | =∑k−2i=0 (|X |−1i ). If (F |X )0x = ( X\{x}k−2) or (F |X )0x = ( X\{x}|X |−k+1), then
F |X contains
( X
k−1
)
or
( X
|X |−k+1
)
and at least one additional set which contradicts the l-trace k-
Sperner property. Why is it true that (F |X )0x =
( X\{x}
k−2
)
or (F |X )0x =
( X\{x}
|X |−k+1
)
? If k 3, this is simply
the inductive hypothesis for the uniqueness of the extremal systems. If k = 2 we need to work a bit
more.
In this case, what we have already proved is that for the above set X and for any x ∈ X we have
(F |X )0x = ∅, i.e. the singleton {x} is strongly traced by F |X . Since F |X is l-trace 2-Sperner, we need
the following lemma.
Lemma4. If for some l with 2l n, the family F ⊆ 2[n] is l-trace 2-Sperner and F strongly traces all singletons,
then F = ( [n]1) or F = ( [n]n−1).
Proof. If there is a singleton x ∈ [n] with ∅ ∈ S(x), then ∅, {x} ∈ F and x ∈ F ∈ F implies F = {x}
because of the l-trace 2-Sperner property. Therefore F |[n]\{x} is (l−1)-trace 2-Sperner. Since 2(l−1)
n − 1 = |[n] \ {x}|, we obtain by induction that F |[n]\{x} =
([n]\{x}
1
)
or F |[n]\{x} =
([n]\{x}
n−2
)
, but the latter
is impossible as ∅ ∈ F |[n]\{x} . Thus we have F |[n]\{x} =
([n]\{x}
1
)
and F = ( [n]1).
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set, then F = ( [n]n−k+1). So we may assume that for any singleton x we have ∅, [n] \ {x} /∈ S(x). Let us
pick x such that (one of) its support S(x) ∈ S(x) is of minimum size.
Claim I. For any singleton x′ ⊂ [n] \ S(x) we have {S(x)} = S(x′).
Proof. Let us consider an arbitrary S(x′) ∈ S(x′), we will show that S(x′) ⊆ S(x), so by the minimality
of S(x) we will have S(x′) = S(x). Suppose there is an element s /∈ S(x) belonging to S(x′). Let us
put L = {x′} ∪ {s} ∪ L′ , where s /∈ L′ ⊆ ([n] \ S(x)) ∪ S(x′), with |L′| = l − 2 (the existence of such a set
follows from the assumption 2l  n and the minimality of S(x)). But then F |L would contain a chain
of length 3 as shown by (S(x′) ∪ {x′})|L , S(x′)|L and S(x)|L . 
Claim II. For every y ∈ S(x) and S(y) ∈ S(y), we have |S(x)| = |S(y)| and |S(x) ∪ S(y)| = |S(x)| + 1.
Proof. If S(y) contained two elements x1, x2 /∈ S(x), then putting L = {x1, x2} ∪ L′ , where x1, x2 /∈ L′ ⊆
([n] \ S(x1)) ∪ S(y) with |L′| = l − 2 (the existence of such L′ follows from the assumption 2l n and
the minimality of S(x) = S(x1), which holds by the previous claim), F |L would contain the 3-chain:
S(x1)|L ⊂ S(x) ∪ {x1}|L ⊂ S(y)|L . 
Because of Claim II, Claim I could be applied to y and an arbitrary x′ /∈ S(x)∪ S(y) (there is such x′
as |S(x) ∪ S(y)| = |S(x)| + 1), giving S(x) = S(x′) = S(y) – a contradiction as y ∈ S(x), y /∈ S(y).
We obtained that the support of any singleton is either the empty set or the complement of the
singleton, so the proof of the lemma is complete by the paragraph preceding the claims. 
We still have to show, that if n N+1, then the only optimal families are ( [n]k−1) and ( [n]n−k+1). Let
F ⊆ 2[n] be an l-trace k-Sperner family with n N + 1. If for any x ∈ [n], we had |F0x | <
∑k−2
i=0
(n−1
i
)
,
then |F |[n]\{x}| >∑k−1i=0 (n−1i ) would hold, but this cannot happen, since n−1 N and we have already
proved that for any n′  N we have f (n′,k, l) =∑k−1i=0 (n′i ). So if k = 2 we can apply Lemma 4 to obtain
that F is either ( [n]k−1) or ( [n]n−k+1), while if k > 2 by the induction hypothesis for any x ∈ [n] we have
that F0x is
([n]\{x}
k−2
)
or
( [n]\{x}
n−k+2
)
. 
We ﬁnish this section with mentioning that Lemma 4 can be generalized to l-trace k-Sperner
families as well, but as the proof is very similar (although not identical) to the case k = 2, we omit
its proof.
Lemma 5. If for some 2  k  l, 2l  n, the family F ⊆ 2[n] is l-trace k-Sperner and F strongly traces all
G ⊆ [n], |G| = k − 1, then F = ( [n]k−1) or F = ( [n]n−k+1).
4. The case k = 1
In this section we consider the case k = 1. It will be convenient to write the parameter l in the
form l = n − l′ . With this notation we have the following observation.
Lemma 6. A family F ⊆ 2[n] is l-trace Sperner if and only if for any F ,G ∈ F we have |F \ G| > l′ .
Proof. Let F be an l-trace Sperner family. Therefore G  F for all pairs of sets F ,G ∈ F . Suppose we
have |F \ G| l′ for at least one pair of sets. Then |[n] \ (F \ G)| n− l′ = l holds. Let us pick x ∈ G \ F
and L ⊆ [n] \ (F \ G) with x /∈ L, |L| = l − 1. Then F |{x}∪L ⊂ G|{x}∪L – a contradiction.
Now suppose that the family F is such that for any F ,G ∈ F we have |F \G| > l′ and (contradicting
the lemma) does not satisfy the l-trace Sperner property, i.e. there are sets F ,G ∈ F and a subset
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a contradiction. 
From Lemma 6 it follows that for any two sets F ,G in an l-trace Sperner family F , the set of
l′-shadows l′ (F ) = {F ′: F ′ ⊂ F , |F ′| = |F | − l′}, l′ (G) = {G ′: G ′ ⊂ G, |G ′| = |G| − l′} are disjoint
and the l′-shadow of F (l′ (F) =⋃F∈F l′ (F )) is an antichain. So we can apply the famous LYM-
inequality [9,10,16] to l
′
(F), which gives
∑
F∈F
( |F |
|F |−l′
)
( n
|F |−l′
)  1.
The same argument (using Lemma 6) can be applied to the l′-shade of F (∇l′ (F ) = {F ′: F ⊂ F ′, |F ′| =
|F | + l′} and ∇l′ (F) =⋃F∈F ∇l′ (F )). This gives
∑
F∈F
(n−|F |
l′
)
( n
|F |+l′
)  1.
Summing the two inequalities above, we obtain the following theorem.
Theorem 7. For any l-trace Sperner family F ⊆ 2[n] the following inequality holds:
∑
F∈F
( |F |
|F |−l′
)
( n
|F |−l′
) +
(n−|F |
l′
)
( n
|F |+l′
)  2.
Since h(m) := (
m
m−l′)
( nm−l′)
+ (
n−m
l′ )
( nm+l′)
= 1l′ !n! [m!(n − m + l′)! + (n − m)!(m + l′)!] it is easy to see that
h(m)  h(m + 1) if and only if m  n−12 . Indeed, not counting the constant factor of 1l′ !n! we have
that h(m+ 1)−h(m) =m!(n−m− 1+ l′)!(2m+ 1−n− l′)+ (n−m− 1)!(m+ l′)!(2m+ 1+ l′ −n) so if
m n−12 , we have that |2m+1−n− l′| 2m+1+ l′ −n and m!(n−m−1+ l′)! (n−m−1)!(m+ l′)!.
Therefore
(
|F |
|F |−l′)
( n|F |−l′)
+ (
n−|F |
l′ )
( n|F |+l′)
is minimized when |F | = n/2. Thus we get:
Corollary.
f (n,1, l) 2
(
n/2
l′ )
( nn/2−l′)
+ (
n/2
l′ )
( nn/2+l′)
and in particular, if n is even, then
f (n,1, l)
( n
n/2−l′
)
(n/2
l′
) .
To show that this upper bound is tight (or gives the right order of magnitude), we need a con-
struction. The following construction is well known but gives only the right order of magnitude.
For the sake of simplicity let l′ = 1. Then for any m ∈ [n] the family ( [n]n/2)⊃ Fm = {F : F ∈ ( [n]n/2),∑
i∈F i ≡m (mod n)} is clearly (n − 1)-trace Sperner. So for at least one m ∈ [n] we have Fm 
( nn/2)
n
which is more than half as large as the upper bound given by the corollary.
For larger but ﬁxed l′ (while n tends to inﬁnity), one can construct families with the same order of
magnitude as given by the upper bound (though the constants become worse as l′ grows), in a very
similar way using the elementary symmetric polynomials and the fact that prime numbers (and thus
prime powers) are dense among integers.
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In this section, we consider the case l = n − 1. For k  2, there is a natural construction that we
conjecture to be optimal (at least when n is large enough): the k − 1 largest levels (or any k − 1
consecutive levels) form an (n − 1)-trace k-Sperner family, since the traces are from k consecutive
levels. The aim of this section is to prove that if k = 2, then this construction is asymptotically optimal.
Theorem 8.
f (n,2,n − 1)
(
1+ 8
n
+ o
(
1
n
))(
n
n/2
)
.
Proof. Let F be an (n − 1)-trace 2-Sperner family. Let us divide F into two: F = U ∪ D, where U =
{F ∈ F : ∃G ∈ F such that G ⊂ F } and D = F \U . (Note that since F cannot contain a 3-chain, the set
G in the deﬁnition of U is from D.) Furthermore we divide U into four parts: U = U0 ∪ U1 ∪ U2 ∪ U3,
where
U0 =
{
U ∈ U : ∀U ′ ∈ U : |U \ U ′| 2, |U ′ \ U | 2},
U1 =
{
U ∈ U : ∃U ′ ∈ U : |U | = |U ′|, |U \ U ′| = 1},
U2 =
{
U ∈ U \ U1: ∃U ′ ∈ U : |U | < |U ′|, |U \ U ′| = 1
}
,
U3 =
{
U ∈ U \ U1: ∃U ′ ∈ U : |U | > |U ′|, |U ′ \ U | = 1
}
.
By the results of the previous section (Lemma 6 and Theorem 7), we have |U0|  ( 2n + o( 1n ))
( n
n/2
)
,
so we may assume from now on that U0 is empty and then we have to prove, that |F |  (1 +
6
n + o( 1n ))
( n
n/2
)
.
The following easy observation will be used frequently during the proof:
Lemma 9. If U ∈ U1 ∪ U2 , then there is exactly one set D ∈ D with D ⊂ U , furthermore D = U ∩ U ′ , where
U ′ is the set that shows that U ∈ U1 ∪ U2 .
Proof. Let U ∈ U1 ∪ U2. Then by deﬁnition there exists a set U ′ ∈ U with |U ′| |U | and |U \ U ′| = 1.
Let u be the single element of U \ U ′ . Since U ∈ U , we know that there is a D ∈ D with D ⊂ U . If
D = U ∩U ′ = U \ {u}, then D|[n]\{u} ⊂ U |[n]\{u} ⊂ U ′|[n]\{u} contradicting the fact that F is (n−1)-trace
2-Sperner. 
Lemma 10. For every U1,U2 ∈ U3 we have |U1 \ U2| 2 and |U2 \ U1| 2.
Proof. Suppose to the contrary that there are sets U1,U2 with |U1 \ U2| = 1. Since by deﬁnition
U1,U2 /∈ U1, we have |U1| < |U2| (|U1| > |U2| would imply U1 ⊃ U2 which is impossible as U is a
Sperner family). Therefore we have U1 ∈ U2, and so by Lemma 9, D = U1 ∩ U2 is the unique set in D
with D ⊂ U1. Since by assumption of the lemma, U1 ∈ U3, there is a set U3 ∈ U with |U3 \ U1| = 1.
Thus we have U3 ∈ U1 ∪ U2 and applying Lemma 9 again, we obtain that D ′ = U1 ∩ U3 is the only
set in D contained in U3. But by deﬁnition D ′ ⊂ U1 and D ′ = D (they are not of the same size) –
a contradiction. 
With an almost identical proof one can obtain the following statement.
Lemma 11. For every U1,U2 ∈ U2 we have |U1 \ U2| 2 and |U2 \ U1| 2.
Lemma 10 and 11 together with Lemma 6 and Theorem 7 give that both |U2|, |U3| have size at
most ( 2n + o( 1n ))
( n
n/2
)
, so just as with U0 we may suppose that U2 and U3 are empty (and we have
to show that the size of the remaining family is at most (1+ 2n + o( 1n ))
( n
n/2
)
).
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( n
n/2
)
holds, let us consider D ∪ U1
as a subposet of the Boolean poset, i.e for F ,G ∈ 2[n] we have F  G ⇔ F ⊆ G . A poset P is said to
be connected if for any p1, p2 ∈ P there is a sequence r1, r2, . . . , rk such that ri < ri+1 or ri > ri+1 for
every i = 1,2, . . . ,k − 1 and p1 < r1 or p1 > r1 and rk < p2 or rk > p2. Maximal connected subposets
of a poset are called the connected components of the poset.
What do the connected components of D ∪ U1 look like? Clearly, components that do not contain
sets from U1 consist of a single set from D. We claim, that components with sets from U1 are r-forks
for some r  2, i.e. each consist of sets F ,G1,G2, . . . ,G3 such that F ⊂ Gi , i = 1,2, . . . , r and there
is no containment between the Gis. Indeed, by Lemma 9 we know that sets from U1 contain exactly
one set from D (and no sets from U1 since there are no 3-chains in the family), so sets from U1 can
‘get connected’ only through this one set. As a consequence we have that the poset D ∪ U1 cannot
have four sets A, B,C, D with A ⊂ B , C ⊂ B , C ⊂ D . A theorem of Griggs and Katona [8] states that
families with this property are of size at most (1+ 2n + o( 1n ))
( n
n/2
)
. This proves the theorem. 
6. Concluding remarks and open problems
There are lots of values of k, l and n for which f (n,k, l) is yet to be determined. We enumerate
here some of them and some related questions:
– Theorem 2 states that for every k and l there exists a number N(k, l) such that if n N(k, l), then
f (n,k, l) =∑k−1i=0 (ni). It would be interesting to determine the smallest such N(k, l). Theorem 1 states
that N(k,k) = k, and at the beginning of the proof of Theorem 2, it is shown that N(1, l) = 2l − 1.
Furthermore it is not diﬃcult to prove (though we omit the details) that N(2, l) 6l.
– In the k = 1 case it is natural to conjecture that the upper bound given by Theorem 7 is asymp-
totically tight and even that the optimal families are n/2-uniform (or n/2-uniform). To prove
the upper bound we reduced the problem to antichains and applied the LYM-inequality. The origi-
nal proof of Sperner’s theorem [14] on the maximum possible size of an antichain uses a different
idea, namely if the minimum size m of a set in a maximum size antichain A would be strictly less
than n/2, then one can remove A′ = {A ∈ A: |A| = m} from A and add all sets of ∇1(A′) and
the resulting family is an antichain containing more sets than A. Can a similar method work in our
case? Let F be an (n − 1)-trace Sperner family with m = min{|F |: F ∈ F} < n/2, and let us put
F ′ = {F ∈ F : |F | =m} (for smaller values of l our reasoning is similar). As we saw in Section 4, being
(n−1)-trace Sperner is equivalent to the property that for all F ,G ∈ F we have |F \ G| > 1. Therefore
we would need to prove the existence of a function f : F → f (F ) ∈ ∇1(F ) such that for all F ,G ∈ F ′
we have | f (F ) \ f (G)| > 1. An easy application of the Lovász local lemma [5] shows that there is
such a function if m cn1/2 for some constant c (and the exponent gets smaller if we choose l to be
smaller). Can one prove this for larger values of m?
– In Section 5, we conjectured that for the case k  2, l = n − 1 the family consisting of the
k − 1 largest levels is optimal and proved that for k = 2 this construction is asymptotically optimal.
We think that to prove the exact conjecture for k = 2 may not necessarily require a much more
complicated argument, but we think that to obtain results for larger values of k one would need to
apply deeper techniques.
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